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CALCULATION OF SPATIAL EQUILIBRIUM FORMS FOR THIN
ELASTIC RODS BY THE SELF-EQUALIZING DISCREPANCY
METHOD

G. V. Ivanov and O. N. Ivanova UDC 539.3

Algorithms for finding the planar equilibrium forms of thin elastic rods by the self-equalizing discrepancy method were
presented in [1]. Below we will present algorithms for finding spatial equilibrium forms by the same method.

1. Basic Equations. To determine the position of the rod points, together with a fixed coordinate system x; with
defining vectors e; (i = 1, 2, 3) (Fig. 1) it will be convenient to use the arc length of the bar axis (s € [0, []) and coordinates
X1, X," with origin on the rod axis and defining vectors e;’, e,’, directed along the main axes of the bar cross sections. The
orientation of ;', i = 1, 2, 3 (e5' = ;' X e,') is specified by the Euler angles &, ¥, ¢ (Fig. 2).

The equilibrium equation can be written in the form [2, 3]

dM
L I, LD
ds ds 3

where F, M are force vectors of the moments in the rod cross sections, f is the load surface vector,

e; = sind (siop -e —cosy - e) +cosV e,
Below we will consider a class of problems in which the vector F is independent of ¢, ¥, ¢ and is completely defined by the
first expression of Eq. (1.1) and the boundary conditions. Below we will consider the function F=F(s) to be known.

We assume [2, 3] that

M= Me, M =Ap, M, = Bq, M, = Cr. 1.2

Here A, B, C are the rod rigidities relative to inflection and torsion, p, q are curvatures; 7 is the torsion of the rod axis:

dy ind - si . dav
p=78 sing + —- cosp,

dy | ) |
qg= —-s—smﬂ cos e — —- siap, (1.3)
dy dp
T = d:oos!? + o

We will limit or treatment to the class of problems with boundary conditions

d=yp=p=x=x,=x,=0 for s =0; (1.4)

V=90,y=¢pp=g, for s=1 (1.5)

or

Novosibirsk. Translated from Prikladnaya Mekhanika i Tekhnicheskaya Fizika, No. 4, pp. 130-136, July-August, 1994.
Original article submitted October 20, 1993.

0021-8944/94/3504-0605$12.50 © 1994 Plenum Publishing Corporation 605



M = 0. (1.6)

With the assumptions made the problem solution reduces to integration of the second expression of Eq. (1.1) and Egs.
(1.2), (1.3) given conditions (1.4), (1.5) or (1.6).

After calculation of the functions &, , ¢ the coordinates of the rod axis x, are calculated with the expression

— !,
X, = , * e ds.

k [

CR

2. Variation Formulation of the Problem. We denote by &y the variation of the rotation vector

Oy =edy + e 5p +ndd,n=cosy - e + siny - e,

It can easily be shown that the variation &y can be written in the form

dy = e, - dy,, Oy, = sind - sing - oy + cosp - &9,
dy, = sin ¥ - cosep - Sy — siny - &9,
oy, =cos? - dy + dp ,

while the derivatives de, '/ds are related to p, q, 7 by the equations

de,’( , ,
—— — ' !
I =w Xe,w —pel+qez+re3.

Hence it follows that
4 d
Zéy = edp + e, 3q + e, d1. .0

Multiplying the second expression of Eq. (1.1) by &y, integrating over s with consideration of Eq. (2.1), and using
the equality

(e;x F)dy = F(dy x ) = F -de; = o(F - &),
we find that the problem solution corresponds to an extremum of the functional
1 1]
o= ;J'(Ap2 + B¢ + Ct* - 2F - e)ds (2.2)
0

in the class of functions ¢, ¥, ¢ which satisfies conditions (1.4), and if the boundary conditions at s = [ are formulated in the
form of Eq. (1.5), then those conditions as well.

Below we will present an algorithm for construction of a sequence of approximations with monotonically decreasing
values of functional (2.2), based on alternating variation of only one of the functions ¢, ¥, ¢.

3. Approximation of the Energy Functional by Quadratic Functionals. Let 3(s), {/(s), &(s) be some functions equal
to zero at s = 0 and satisfying conditions (1.5) if the latter are specific. In the proposed algorithm we construct functions 9(s),
¥(s),#(s) equal to zero at s = 0, and in the case of (1.5) also at s = [, for which

T+ 9,9 + ¢, p + ¢) < OF, 9, ), (3.1)

with the equality in Eq. (3.1) being satisfied when 3(s), W(s), ¢(s) are identically equal to zero, which is possible only when
3, ¥, @ satisfy the conditions of the extremum of the functional &.

Construction of the functions (s), ¥(s), ¢(s) involves three stages. In each of these one of the functions is defined in
turn.



In the first stage we find the function ¥(s), satisfying the inequality
o@ + 9,9, 9) < O, ¥, §)- 3.2)
The functional <I>({9 + 3, ¥, p)is approximated by a functional $; quadratic in d

®, == [ 1A+ p)* + B@ + a)* + C(F + i)' + T¥ + 2009 ~ T)Mds, (3.3)

N |-

where p, §, 7 are curvatures and torsion corresponding to functions &, ¢, &;
Y. S N
p=1 s cos? - sing + 7 CO5P
. L dp o . .
g=17 ie cost - cosp 2, Sing;
. d -
T= -1 g sind;
ds
+ F3cos5'; Q = — H cos? + FBSimT;
H = F;sing — Feosy
Fy are the components of the vector F in the fixed coordinate system x, (k = 1, 2, 3). The approximation is performed by
the following rule; p, g, r are replaced by the linear portions of expansions in a series in &, and F-e5’, by the quadratic portion

of an expansion in a series in .
For sufficiently small values of the function J(s) from the inequality

DT +9,9,8) < 0,3, 9, §) 3.4

we have inequality (3.2). Therefore the problem of reducing functional (2.2) by selection of J(s) can be regarded as the
problem of defining a function J(s) which satisfies Eq. (3.4) and the condition

max|d(s)| < a,

(where ¢ is a constant which can be adjusted during definition of J(s) such that Eq. (3.2) follows from Eq. (3.4).
In the second stage the functional ®(3, ¥ + ¥, §) (' = & + 9) is approximated by a functional &, quadratic in

o, = ijl' [AG' + p')* + B@G + @) + C(F + ')}
M (3.5)
+ ¢*Hsin 9 — 2T’ + $N'sind") Ids.

Here p’, §', 7' are curvatures and torsion corresponding to the functions &, ¥, &;
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TABLE 1

b4 bfa
0,140 1
0,228
0,281
0,307 8
0,312 10

s 4
* Fig. 3

s dh o
simd’ - sing; ¢ = sind’ - cosg; T —dscosﬂ,

& l&

T' = Hsind’ + Feosd'; N' = Fcosp + Fsind.

The approximation is performed by the same rule by which functional (3.3) was constructed.
The function y(s) is defined by the conditions

T, P+ P, p) < (T, 9.5), max|g(s)| < a,
where a, is a constant selected to achieve the inequality
T, ¢ + ¥, §) < o, 9, §).

In the third stage the functional ®(3, ', @ + ¢) (¥’ = ¢ + V) is approximated by a functional $,, quadratic in ¢

[A(I,” + bu)z. + B(all + 'qll)l + C(:r'll + irl)l - Zi"']ds. (3 6)

{
¢'=;

© ey ~

Here p'’, '/, 7' is approximated by a functional 3, §', &;

nt d¢' PR Y] - dé—’ [y N}
p'= (ds sim}’ - cosp T smgo](p,

. & | . . dF .
7] = r o, + g .
q [—ds sind’ - sing e cosp | p;

ot dé -Il H -.'I H ’ r —7
= T = simd’(Fsing’ — Feosp') + Fcosd’.

The approximation is performed by the same rule used for Egs. (3.3), (3.5). The function ¢(s) is defined by the condition
*,T. 9.6 +¢) €7, 9, 5), maxlp(s)| < ay,
where o is a constant selected to achieve the inequality

W, P, ¢ + ¢) < ¢F, ¥, §).
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TABLE 2

N Y P (1) 25(0)
40 -1,078-1073 0,0707 -0,2382 | 0,9570
8- | -1,078-107% | 0,071l ~0,2390 | 0,9566
100 -1,078-1073 0,0711 ~0,2392 | 0.9566
A
I
Wl F]
l' :
] £
|I | /
L /
| sl
F i |
0.2
F‘j
T T T T T T 1
:z, K 0 02 04 96 lax)
Fig. 4 Fig. 5

4. Difference Approximation. The bar axis is divided into N elements by the points §; = (¢ — 1)/h (i

1,2, ..,

N + 1, & = I/N). These elements are enumerated by numbers i + 1/2 (i = 1, 2, ..., N) and quantities corresponding to the

element / + 1/2 bear the index i + 1/2. We set

axolfl =

N -

di 1
@ +9.,) [Z) = Z(aMl = 9)
i

(where 9, is the value of & at the points). Similarly, in terms of ¥;, ¢; we define the quantities

Vo P || 0 |as|
* ds v ds i+2

at the points. The cosines and sines in the element { + 1/2 are calculated with the expressions
(c0s 9),,, =cosd ., (sinp),,,, = sinp, ..
Functional (2.2) is replaced by the difference expression

N
L l 2 '
@ = hY 1APL,, + By, + CoL, - 2F, (€Dl s

im]

where

1 . .
Pun=7% (¥, —¥)sind, ), -sing, ,, + (2, - ag)cos‘l’,.yl],

and the quantities

’
qio-l/z’ ti+l/z' FHDZ’ (eJ)HVZ °

“.1)
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TABLE 3

Number of &’ (b (b x3(1)
1terations
0 28,43 0 -0,740 -0,110
30 19,92 2,7-1072 -0.479 6,3-1072
100 19,75 1,9-1072 -0,345 1,8-1072
19,75 1,9-1072 -0,331 2.5-1072

have a similar meaning. Functionals (3.3), (3.5), (3.6) are replaced by the corresponding difference functionals ®4’, <I>¢’, fI>¢'.
The quadratic portions Ag, A, of the functionals 4, ' have the following values:

N
1 . . . -
Ao = Ehz [Apxz+l/z + quﬂa + Crlz-bllz + Tnl/z 0;'24-1/2]
=]
2
N .
{ do d
= - — -T,%
Zhg D‘(ds) T, )

ir2
N

hz [A(p: +la)2 + B(“’Iiﬂa)z + C(T: -tlf)z + I; : .Vgsi'm); +12 : ¢?+Vz]

=1
~ .
i av
;;hz D‘[d:

A =

\4

~ |-

2

<2
- T.'Pi.\a '

i=1

irl2

3
D, = min(4, B, C), T, = max ). |(F),,,|-

i gm)

The portion of the functional ¢, quadratic in ¢; is a passively defined form. From this it follows that to minimize the
functionals &', ®,’, ®,’ given the condition

h<s—

D.
T

we can use the self-equalizing discrepancy method of [1], thus generating values of z9i, ¥i, i (i = 1,2, ..., N + 1) for which

&'F, + 0,9, + 9,8, +¢) < o@D, 9, 6)

with equality occurring only in the case where &, ;, &; satisfy the conditions of an extremum of the functional $' and the
quantities z?i, {pi, ¢ (i=1,2,.., N + 1) are thus equal to zero.

Thus, using the self-equalizing discrepancy method of [1], we can construct a sequence of approximate solutions with
monotonically decreasing values of the functional ’. The sequence will converge, since the functional is bounded below:

¢ =-T.L

5. Examples of Equilibrium Form Calculation. We will consider rods of rectangular cross section (Fig. 3). In this
case

A = Ed’b/12, B = Eab’/12, C = yEba’/2(1 + v).
The «y values are taken equal to those indicated in [4]. Some are presented in Table 1.
Below we will use dimensionless quantities: s, X, ratios of arc length and coordinate to bar length [; p, q, 7, curvatures

and torsion multiplied by /; A, B, C, ratios of rigidities to B; F,, M,, components of force and moment vectors multiplied by
/B and I/B respectively; &', functional (4.1) multiplied by #/B.
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Fig. 6

In one of the examples we consider equilibrium states for inflection of intensity F = Fe; of a bar with side length
ratiovalue b/a = 8 (Fig. 4). It was assumed that the bar end s = 1 could rotate freely. Figure 5 shows the dependence of F
on absolute | Axy | of the vertical displacement of the bar end s = 1 (| Ax3 | = 1 —x3, where x5 is the coordinate of the
bar end s = 1 in the deformed state). The dashed line corresponds to the planar equilibrium state, the solid, to the three-
dimensional, F* = 0.6 is the upper critical load [5], F« = 0.08, the lower critical load.

Table 2 presents values of the functional ¢’ and bar end coordinate s = 1, corresponding to F = 0.08 and division
of the bar axis into 40, 80, and 100 elements. These values practically coincide. The criterion used for halting the calculation
process was constancy to three significant figures in the values of the energy functional and the bar end coordinate. The number
of iterations required to obtain the equilibrium forms was practically independent of number of elements, into which the bar
axis was divided, being approximately equal to 50.

We also considered equilibrium states for compression of a twisted bar of square cross section with boundary conditions

2(0) = 9(0) = ¢(0) = (1) = (1) =0,
e(l) = 21, F(1) = — e,

Together with the equilibrium state in which the bar axis is rectilinear (¢ = ¢ = 0, ¢ = 2xs), an equilibrium state of the form
shown in Fig. 6 is possible. To calculate this state the initial approximation used was

9=10(s - ),y =0, p = 27s..

Table 3 shows the decrease in the energy functional and change in rod end coordinate during the iteration process for N = 40.
In the example considered the functional ' decreases monotonically with no limitations on the values of variations of the
unknown functions calculated by the self-equalizing discrepancy method [1].

This study was carried out with the cooperation of the D. Soros fund. The authors express their gratitude to the fund
for material support of the work.
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